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Exercise 10.1 (5 points)

Let K be a field, n € N and A, B € M, «,(K) such that AB = I,,. We also say that A is a left inverse
of B.

(a) Let X € K™. Show that BX = 0 if and only if X = 0. Deduce that the system of linear equations
BX = C admits a solution for all C' € K.

(b) Show that A is also a right inverse of B i.e., BA = I,.

Now let A, B € M,,«,,(K) be arbitrary matrices.
(c) Assume AB+ A+ B = 0. Show that AB = BA.

Exercise 10.2 (4 points)
Let K be a field and let U and V' be finite dimensional K-vector spaces.

(a) Give a basis and the dimension of the K-vector space U x V and justify your answer.
(b) Let W be a K-vector space containing U and V. Use the dimension theorem (Satz 18.2) to prove
that
dimU + dimV = dim(U 4+ V) + dim(U NV).

Exercise 10.3 (4 points)

Let K be a field, V and W finite dimensional K-vector spaces and T: V — W a linear map. Moreover,
let Bier = {v1,...,v,} be a basis of the kernel of T" and By = {T(u1),...,T(unm)} a basis of the image
of T, where n,m € Ny and v;,u; € V forall ¢ € {1,...,n} and all j € {1,...,m}.

Show that B := {v1,...,0n,u1,..., Uy} is a basis of V.

Exercise 10.4 (3 points)
It follows from the dimension theorem that a linear map between two n-dimensional vector spaces is
injective if and only if it is surjective (this is shown in class). Here you will show that this is not the case
for infinite dimensional vector spaces. For that purpose consider the following map:

n n—1
p: KIX] — K[X], f=Y aX'+— =) (i+DanX'
i=0 =0

for an arbitrary field K of characteristic 0. Prove that ¢ is a linear map, that it is surjective and that it
is not injective.

Further show that ¢ is not surjective for any field K of non-zero characteristic.



